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In this paper, we analyze the effects of depth and width on the quality
of local minima, without strong overparameterization and simplification
assumptions in the literature. Without any simplification assumption, for
deep nonlinear neural networks with the squared loss, we theoretically
show that the quality of local minima tends to improve toward the global
minimum value as depth and width increase. Furthermore, with a locally
induced structure on deep nonlinear neural networks, the values of local
minima of neural networks are theoretically proven to be no worse than
the globally optimal values of corresponding classical machine learning
models. We empirically support our theoretical observation with a syn-
thetic data set, as well as MNIST, CIFAR-10, and SVHN data sets. When
compared to previous studies with strong overparameterization assump-
tions, the results in this letter do not require overparameterization and in-
stead show the gradual effects of overparameterization as consequences
of general results.

1 Introduction

Deep learning with neural networks has been a significant practical suc-
cess in many fields, including computer vision, machine learning, and arti-
ficial intelligence. Along with its practical success, deep learning has been
theoretically analyzed and shown to be attractive in terms of its expres-
sive power. For example, neural networks with one hidden layer can ap-
proximate any continuous function (Leshno, Lin, Pinkus, & Schocken, 1993;
Barron, 1993), and deeper neural networks enable us to approximate func-
tions of certain classes with fewer parameters (Montufar, Pascanu, Cho,
& Bengio, 2014; Livni, Shalev-Shwartz, & Shamir, 2014; Telgarsky, 2016).
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Effect of Depth and Width on Local Minima in Deep Learning 1463

However, training deep learning models requires us to work with a seem-
ingly intractable problem: nonconvex and high-dimensional optimization.
Finding a global minimum of a general nonconvex function is NP-hard
(Murty & Kabadi, 1987), and nonconvex optimization to train certain types
of neural networks is also known to be NP-hard (Blum & Rivest, 1992).
These hardness results pose a serious concern only for high-dimensional
problems, because global optimization methods can efficiently approximate
global minima without convexity in relatively low-dimensional problems
(Kawaguchi, Kaelbling, & Lozano-Pérez, 2015).

A hope is that beyond the worst-case scenarios, practical deep learning
allows some additional structure or assumption to make nonconvex high-
dimensional optimization tractable. Recently, it has been shown with strong
simplification assumptions that there are novel loss landscape structures in
deep learning optimization that may play a role in making the optimization
tractable (Dauphin et al., 2014; Choromanska, Henaff, Mathieu, Ben Arous,
& LeCun, 2015; Kawaguchi, 2016). Another key observation is that if a neu-
ral network is strongly overparameterized so that it can memorize any data
set of a fixed size, then all stationary points (including all local minima and
saddle points) become global minima, with some nondegeneracy assump-
tions. This observation was explained by Livni et al. (2014) and further re-
fined by Nguyen and Hein (2017, 2018). However, these previous results
(Livni et al., 2014; Nguyen and Hein, 2017, 2018) require strong overparam-
eterization by assuming not only that a network’s width is larger than the
data set size but also that optimizing only a single layer (the last layer or
some hidden layer) can memorize any data set based on an assumed con-
dition on the rank or nondegeneracy of other layers.

In this letter, we analyze the effects of depth and width on the values
of local minima, without the strong overparameterization and simplifica-
tion assumptions in the literature. As a result, we prove quantitative upper
bounds on the quality of local minima, which shows that the values of local
minima of neural networks are guaranteed to be no worse than the globally
optimal values of corresponding classical machine learning models, and the
guarantee can improve as depth and width increase.

2 Preliminaries

This section defines the optimization problem considered in this letter and
introduces the basic notation.

2.1 Problem Formulation. Let x € R* and y € R% be an input vector
and a target vector, respectively. Let {(x;, y;)}/Z, be a training data set of
size m. Given a set of n matrices or vectors {M(f)}’]?zl, define [M(JV)]’]?:1 =
[MO M® ... M®]to be a block matrix of each column block being
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1464 K. Kawaguchi, J. Huang, and L. Kaelbling

MO, M. M. Define the training data matrices as X := ([x;]",)" €
R"™%4 and Y := ([}/z]fil)T e Rmxdy

This letter considers the squared loss function, with which the training
objective of the neural networks can be formulated as the following opti-
mization problem:

1 .
minigmize L) := §||Y(X, 0) — Y|z, (2.1)

where || - || is the Frobenius norm, Y (X, 6) € R"*% is the output prediction
matrix of a neural network, and 6 € R% is the vector consisting of all train-
able parameters. Here, %L(O) is the standard mean squared error, for which
a211 of our results hold true as well, because multiplying L(6) by a constant

-5 (in 0) changes only the entire scale of the optimization landscape.

The output prediction matrix Y (X, 0) € R"*% is specified for shallow
networks with rectified linear units (ReLUs) in section 3 and generalized
to deep nonlinear neural networks in section 4.

2.2 Additional Notation. Define P[M] to be the orthogonal projection
matrix onto the column space (or range space) of a matrix M. Let Py[M]
be the orthogonal projection matrix onto the null space (or kernel space)
of a matrix M'". For a matrix M € R¥*?, we denote the standard vec-
torization of the matrix M as vec(M) = [M11, ..., Mg1,Mi2,...,Mao, ...,
Ml,df, ey Md,d,]T,

3 Shallow Nonlinear Neural Networks with Scalar-Valued Output

Before presenting our main results for deep nonlinear neural networks,
this section provides the results for shallow networks with a single hid-
den layer (or three-layer networks with the input and output layers) and
scalar-valued output (i.e., d, = 1) to illustrate some of the ideas behind the
discussed effects of the depth and width on local minima.

In this section, the vector § € R% of all trainable parameters deter-
mines the entries of the weight matrices W1 := W (9) € R%*? and W® :=
W®@(0) e R? as vec(IWD(9), WP (9)]) = 6. Given an input matrix X and a
parameter vector 6, the output prediction matrix Y(X,0) e R" of a fully
connected feedforward network with a single hidden layer can be written
as

Y(X,0) := o (XWD)yW®, (3.1)

where o : R"*@ — R™*4 jg defined by coordinate-wise nonlinear activation
functions 0, as (o (M), := Ui,j(Mi,j) for each (i, j).

d-ajo11B/008U/NPa W I08IIP//:d1Y WOy papeojumoq

0 © 008U/96LES0L/ZIVLIL/ILENP

€20z Jequieideg g0 uo jsenb Aq jpd'Gel |



Effect of Depth and Width on Local Minima in Deep Learning 1465

3.1 Analysis with ReLU Activations. In this section, the nonlinear acti-
vation function o; ] is assumed to be ReLU as o; j(z) =max(0, z). Let A1 €
R™ ™ represent a diagonal matrix with diagonal elements corresponding
to the activation pattern of the kth unit at the hidden layer over m different
samples as foralli e {1,...,m}and allk € {1,....4d},

ALk 1 if (XWD) >0

" 0 otherwise

Let @M := & (X, 0) := o (XWM) € R"*? be the postactivation output of
the hidden layer.

Under this setting, proposition 1 provides an equation that holds at lo-
cal minima and illustrates the effect of width for shallow ReLU neural
networks.

Proposition 1. Every differentiable local minimum 6 of L satisfies that

o= 3= rfi- 33 ],
k=1

>0

further improvement as a network gets wider

(3.2)

where D,({l) = Wk(z)ALkX. Here, Nil) =1, N,El) = PN[Q,il_)l] for any ke
(2,...,d}, and N{z) = PN[Q_;D], where Q,((l) =W, ..., Q,(Cl)] and Q,((l) =
N,El)Dlgl)for any k e {1,...,d}.

Proposition 1 is an immediate consequence of our general result (see the-
orem 1) in the next section (the proof is provided in section A.1). In the rest
of this section, we provide a proof sketch of proposition 1.

A geometric intuition behind proposition 1 is that a local minimum is
a global minimum within a local region in R% (i.e., a neighborhood of the
local minimum), the dimension of which increases as a network gets wider
(or the number of parameters increases). Thus, a local minimum is a global
minimum of a search space with a larger dimension for a wider network.
One can also see this geometric intuition in an analysis as follows. If 6 is a
differentiable local minimum, then 6 must be a critical point and thus,

V,L(6) = (vg?(x, 9)) (?(x, 0) — Y) —0.
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1466 K. Kawaguchi, J. Huang, and L. Kaelbling
By rearranging this,
(vg?(x, 9)) (X, 6) = (m‘/(x, 9)) Y, (3.3)

where we can already see the power of strong overparameterization in that
if the matrix V, Y (X, 6) € R%>™ jsleft-invertible, Y (X, 6) = Y, and hence ev-
ery differentiable local minimum is a global minimum. Here, V,Y (X, 6) is a
dy by m matrix, so significantly increasing dy (strong overparameterization)
can ensure the left invertibility.

Beyond the strong overparameterization, we proceed with the proof
sketch of proposition 1 by taking advantage of the special neural network
structuresin Y(X, ) and V@ (X, 6). We first observe that Y (X, 6) = @Ow®
and Y (X, ) = DOvec(W®), where DO := [D{"]% . Moreover, at any dif-
ferentiable point, we have that Vjy0 Y (X, 6) = (<I>(1))T and V.. W(z))Y(X, 0)
= (DW)T. Combining these with equation 3.3 yields

1 W(l)

T T
[o® D] (2[¢(1> D(l)]|:veC(W(2)):|>:[q)(l) p® 1"y,

A 1 w®

VY(X.0) = = [o® DO .
By solving for the vector [W1)  vec(W®@)],

Y(X,0)=P[[DD oD]]Y.

Therefore,

L@) = 3 [¥~P[[DY o0 ]J¥|2= VI3~ [P[[DV o]

where the second equality follows the idempotence of the projection. Fi-
nally, decomposing the second term ||P[[D®) ®®]]Y|3 by following the
Gram-Schmidt process on the set of column vectors of [D?) &(1)] yields the
desired statement of proposition 1, completing its proof sketch. In propo-
sition 1, the matrices N,gl) (and Q,({l)) are by-products of this Gram-Schmidt
process.

3.2 Probabilistic Bound. From equation 2.2 in proposition 1, the loss
L(9) at differentiable local minima is expected to tend to get smaller as the
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Effect of Depth and Width on Local Minima in Deep Learning 1467

width of the hidden layer d gets larger. To further support this theoretical
observation, this section obtains a probabilistic upper bound on the loss L(6)
for white noise data by fixing the activation patterns AlVffork e {1,2,...,d)
and assuming that the data matrix [X Y] is a random gaussian matrix,
with each entry having mean zero and variance one.

In this section, each nonlinear activation function oy is assumed to be
ReLU (o; ].(z) = max(0, z)) and leaky ReLU (o; j(z) = max(az, z) with any
fixed a < 1) or absolute value activation (oi_j(z) = |z|). Let ALK € R™ ™ rep-
resent a diagonal matrix with diagonal elements corresponding to the acti-
vation pattern of the kth unit at the hidden layer over m different samples
as

1 1
90} (2) 0 (2) .
1k if exists
A" = 0z lz=(xXWO);, 0z lz=(XW); .
0 otherwise

This definition of A}i‘k generalizes the corresponding definition in section
3.1. Proposition 1 holds for this generalized activation pattern by simply
replacing the previous definition of A}i’k by this more general definition.
This can be seen from the proof sketch in section 3.1 and is later formalized
in the proof of theorem 1.

We denote the vector consisting of the diagonal entries of A1¥by A¥ € R™
for k € {1,2,...,d}. Define the activation pattern matrix as A := [Ak]g:1 €
R"™*4_ For any index set I C {1,2, ..., m}, let A; denote the submatrix of A
that consists of its rows of indices in I. Let smin (A1) be the smallest singular
value of Aj.

Proposition 2 proves that L(6) ~ (1 — dyd/m)|[Y|3/2 in the regime d.d <
m, and L(#) = 0 in the regime d.d > m, under the corresponding condi-
tions on A; that is, Smin (A1) = § for any index set I € {1, 2, ..., m} such that
[I| > m/2 in the regime d,d < m, and |I| < d/2 in the regime d.d > m. This
supports our theoretical observation that increasing width helps improve
the quality of local minima.

Proposition 2. Fix the activation pattern matrix A = [AF]{_ € R™. Let
[X Y ]bearandomm x (dy + 1) gaussian matrix, with each entry having mean
zero and variance one. Then the loss L(0) as in equation 3.2 satisfies both of the fol-
lowing statements:

i If m> 641n2(dxdm/62)dxd and Smin(A7) = 8 for any index set IC
{1,2,...,m} with |I| > m/2, then

t\m—dd _ o
L(o 146,/ — | ——1IY
o= (1ofT) bl

with probability at least 1 — e~"/(64In(@dm/5%) _ pp=t,
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1468 K. Kawaguchi, J. Huang, and L. Kaelbling

ii. Ifdd, > 2mIn*(md/8) with d, > In*(dm) and smin(A7) > 8 for any index
set 1 C{1,2,...,m}with |I| <d/2, then

L(6) =0
with probability at least 1 — 2¢~%/20,

The proof of proposition 2 is provided in appendix B. In that proof, we
first rewrite the loss L(0) as the projection of Y onto the null space of an
m x ddy matrix D, with an explicit expression in terms of the activation pat-
tern matrix A and the data matrix X. By our assumption, the data matrix
X is a random gaussian matrix. The projection matrix D is also a random
matrix. Proposition 2 then boils down to understanding the rank of the pro-
jection matrix D, and we proceed to show that D has the largest possible
rank, min{ddy, m}, with high probability. In fact, we derive quantitative es-
timates on the smallest singular value of D. The main difficulties are that
the columns of the matrix D are correlated and variances of different en-
tries vary. Our approach to obtain quantitative estimates on the smallest
singular value of D combines the epsilon net argument with an iterative
argument.

In the regime ddy > m, results similar to proposition 2ii were obtained
under certain diversity assumptions on the entries of the weight matrices
in a previous study (Xie, Liang, & Song, 2017). When compared with the
previous study (Xie et al., 2017), proposition 2 specifies precise relations be-
tween the size dd, of the neural network and the size m of the data set and
also holds true in the regime ddy <« m. Moreover, our proof arguments for
proposition 2ii are different. Xie et al. (2017), under the assumption that
ddy > m, show that DD is close to its expectation in the sense of spec-
tral norm. As a consequence, the lower bound of the smallest eigenvalue
of E[DDT] gives the lower bound for the smallest singular value of D.

However, proposition 2 assumes a gaussian data matrix, which may be a
substantial limitation. The proof of proposition 2 relies on the concentration
properties of gaussian distribution. Whereas a similar proof would be able
to extend proposition 2 to a nongaussian distribution with these properties
(e.g., distributions with subgaussian tails), it would be challenging to use
a similar proof for a general distribution without the properties similar to
those.

4 Deep Nonlinear Neural Networks

Let H be the number of hidden layers and d; be the width (or, equiva-
lently, the number of units) of the /th hidden layer. To theoretically ana-
lyze concrete phenomena, the rest of this letter focuses on fully connected
feedforward networks with various depths H > 1 and widths d; > 1, using
rectified linear units (ReLUs), leaky ReLUs, and absolute value activations,
evaluated with the squared loss function. In the rest of this letter, the (finite)
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Effect of Depth and Width on Local Minima in Deep Learning 1469

depth H can be arbitrarily large and the (finite) widths d; can arbitrarily dif-
fer among different layers.

4.1 Model and Notation. Let 6 € R% be the vector consisting of all
trainable parameters, which determines the entries of the weight matrix
WO .=wh@) e ]Rdl 141 at every Ith hidden layer as vec([W®(9)]I4!) = 6.

Here, dy := Zz 1 dl 1d; is the number of trainable parameters. Given an
input matrix X and a parameter vector 0, the output prediction matrix
Y (X, 0) € R of a fully connected feedforward network can be written
as

Y(X,0) := oEWH+D, (4.1)

where &0 := &) (X, §) € R"™*% is the postactivation output of /th hidden
layer,

oD (X, 0) := oD (@DIWD),

where @0 (X, 0) := X, @H(X,0) := Y (X, 6), and o@D : R™xd — Rmx jg
defined by coordinate-wise nonlinear activation functions o( ) as (e D (M));. i
= U( )(M, ;) for each (1,1, j). Each nonlinear activation functlon U:l])
lowed to differ among different layers and different units within each
layer, but assumed to be ReLU (aiflj) (z) = max(0, z)), leaky ReLU (aifl].) (z) =

max(az, z) with any fixed a < 1) or absolute value activation (ai(l].) (z) = |z|).

is al-

Here, dy1 = dy and dy = d,. Let A" € R™" represent a diagonal matrix
with diagonal elements corresponding to the activation pattern of the kth
unit at the /th layer over m different samples as

! {
aCrz‘fk) (2) i 3(7;1() (z) )
1k exists
Ay = 0z lz=(e0-DWD);, 0z lz=(ot-DWwo),, )
0 otherwise

This definition of Af;k generalizes the corresponding definition in sec-
tion 3. Let I; be the identity matrix of size d by d. Define M @ M’ to be the
Kronecker product of matrices M and M'. Given a matrix M, M. ; and M;..
denote the jth column vector of M and the ith row vector of M, respectively.

4.2 Theoretical Result. For the standard deep nonlinear neural net-
works, theorem 1 provides an equation that holds at local minima and il-

lustrates the effect of depth and width. Letd; :=d; foralll € {1, ..., H} and
dy a=1L
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1470 K. Kawaguchi, J. Huang, and L. Kaelbling

Theorem 1. Every differentiable local minimum 6 of L satisfies that

H+1 d

L) = SIYIE - Zzzwl’[ D]

=1 k=1

(4.2)

>0

further improvement as
a network gets wider and deeper

where D(l) D(l)( 0) and N,Ef) = N,ff)(e) are defined as follows. For any | €
{1,. H} andanykl e{l,...,d},

diy

WD HAONT o ALk A Hki gy (—1)
Z Z( Kikis kHlkHWkH e AT,
k=1 k=1

with D(H) =W (H+1))T ® Ak H-1)  For zmy le{l,...,H} and any k; €
(A....d, NY _PN[Q<” 1 with N =1, where Q) :=[Q"..... QY.

Q1 QPP Q= D‘”, and QF == Q"". Here,
D§H+1>(9) = Iy, ® ™ and N (9) .= P [Q;’;)].

The complete proof of theorem 1 is provided in section A.1. Theorem 1
is a generalization of proposition 1. Accordingly, its proof follows the proof
sketch presented in the previous section for proposition 1.

Unlike previous studies (Livni et al., 2014; Nguyen & Hein, 2017, 2018),
theorem 1 requires no overparameterization such as d; > m. Instead, it pro-
vides quantitative gradual effects of depth and width on local minima,
from no overparameterization to overparameterization. Notably, theorem 1
shows the effect of overparameterization in terms of depth as well as width,
which also differs from the results of previous studies that consider overpa-
rameterization in terms of width (Livni et al., 2014; Nguyen & Hein, 2017,
2018).

The proof idea behind these previous studies with strong overparam-
eterization is captured in the discussion after equation 3.3—with strong
overparameterization such thatd, > mand rank(D®) > m, Vyeen) Y (X, 0) €
R4 ig left-invertible and hence every local minimum is a global minimum
with zero training error. Here, rank(M) represents the rank of a matrix M.
The proof idea behind theorem 1 differs from those as shown in section 3.1.
What is still missing in theorem 1 is the ability to provide a prior guarantee
on L(0) without strong overparameterization, which is addressed in sec-
tions 3.2 and 5 for some special cases but left as an open problem for other
cases.
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Effect of Depth and Width on Local Minima in Deep Learning 1471

4.3 Experiments. In theorem 1, we have shown that at every differen-
tiable local minimum 6, the total training loss value L(¢0) has an analytical
formula L(0) = J(#), where

jo=1mi-S 5 e [NO@DL6)] vee)|.
T2 2 ki 2

=1 k=1

denotes the right-hand side of equation 4.1. In this section, we investigate
the actual numerical values of the formula J(6) with a synthetic data set and
standard benchmark data sets for neural networks with different degrees of
depth = H and hidden layers’ width = d; for / € {1,2, ..., H}.

In the synthetic data set, the data points {(x;, y;)}]L; were randomly
generated by a ground-truth, fully connected feedforward neural network
withH =7,d; =50foralll € {1,2, ..., H}, tanh activation function, (x, y) €
R!% x R and m = 5000. MNIST (LeCun, Bottou, Bengio, & Haffner, 1998), a
popular data set for recognizing handwritten digits, contains 28 x 28 gray-
scale images. The CIFAR-10 (Krizhevsky & Hinton, 2009) data set consists
of 32 x 32 color images that contain different types of objects such as “air-
plane,” “automobile,” and “cat.” The Street View House Numbers (SVHN)
data set (Netzer et al., 2011) contains house digits collected by Google Street
View, and we used the 32 x 32 color image version for the standard task of
predicting the digits in the middle of these images. In order to reduce the
computational cost, for the image data sets (MNIST, CIFAR-10, and SVHN),
we center-cropped the images (24 x 24 for MNIST and 28 x 28 for CIFAR-
10 and SVHN), then resized them to smaller gray-scale images (8 x 8 for
MNIST and 12 x 12 for CIFAR-10 and SVHN), and used randomly selected
subsets of the data sets with size m = 10,000 as the training data sets.

For all the data sets, the network architecture was fixed to be a fully con-
nected feedforward network with the ReLU activation function. For each
data set, the values of J(0) were computed with initial random weights
drawn from a normal distribution with zero mean and normalized stan-
dard deviation (1/+4/d)) and with trained weights at the end of 40 training
epochs. (Additional experimental details are presented in appendix C.)

Figure 1 shows the results with the synthetic data set, as well as the
MNIST, CIFAR-10, and SVHN data sets. As it can be seen, the values of
J(6) tend to decrease toward zero (and hence the global minimum value),
as the width or depth of neural networks increases. In theory, the values of
J(6) may not improve as much as desired along depth and width if repre-
sentations corresponding to each unit and each layer are redundant in the
sense of linear dependence of the columns of Dg’(e) (see theorem 1). Intu-
itively, at initial random weights, one can mitigate this redundancy due to
the randomness of the weights, and hence a major concern is whether such
redundancy arises and J(0) degrades along with training. From Figure 1,
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Figure 1: The values of \/](T) for the training data sets (J(9) are on the right-
hand side of equation 4.1) with varying depth = H (y-axis) and width = d; for
alll € {1,2, ..., H} (x-axis). The heat map colors represent the values of \/J(6).
In all panels of this figure, the left heat map (initial) is computed with initial
random weights and the right heat map (trained) is calculated after training. It
can be seen that both depth and width helped improve the values of J(6).

it can be also noticed that the values of J(f) tend to decrease along with
training. These empirical results partially support our theoretical observa-
tion that increasing the depth and width can improve the quality of local
minima.

5 Deep Nonlinear Neural Networks with Local Structure

Given the scarcity of theoretical understanding of the optimality of deep
neural networks, Goodfellow, Bengio, and Courville (2016) noted that it
is valuable to theoretically study simplified models: deep linear neural
networks. For example, Saxe, McClelland, and Ganguli (2014) empirically
showed that in terms of optimization, deep linear networks exhibited sev-
eral properties similar to those of deep nonlinear networks. Following these
observations, the theoretical study of deep linear neural networks has be-
come an active area of research (Kawaguchi, 2016; Hardt & Ma, 2017; Arora,
Cohen, Golowich, & Hu, 2018; Arora, Cohen, & Hazan, 2018), as a step to-
ward the goal of establishing the optimization theory of deep learning.
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Effect of Depth and Width on Local Minima in Deep Learning 1473

As another step toward the goal, this section discards the strong linear-
ity assumption and considers a locally induced nonlinear-linear structure
in deep nonlinear networks with the piecewise linear activation functions
such as ReLUs, leaky ReLUs, and absolute value activations.

5.1 Locally Induced Nonlinear-Linear Structure. In this section, we de-
scribe how a standard deep nonlinear neural network can induce nonlinear-
linear structure. The nonlinear-linear structure considered in this letter is
defined in definition 1: condition i simply defines the index subsets S®) that
pick out the relevant subset of units at each layer /, condition ii requires the
existence of 7 linearly acting units, and condition iii imposes weak separa-
bility of edges.

Definition 1. A parameter vector 0 is said to induce (n,t) weakly separated
linear units on a training input data set X if there exist (H+1—t) sets
SED s+ SHAD sychthat foralll € {t + 1, + 2, ..., H + 1}, the follow-
ing three conditions hold:

i. SO c{1,...,d)} with|SD| > n.
ii. ®D(X,0). ;==X 0)WD(0). 4 forall k e SO.
iii. WD @)y =0 for all (K, k) € SO x ({1,...,di1}\SUV)if | < H —
1.

Given a training input data set X, let ®,,; be the set of all parameter vec-
tors that induce (n, t) weakly separated linear units on the training input
data set X that defines the total loss L(#) in equation 2.1. For standard deep
nonlinear neural networks, all parameter vectors 6 are in ®,,,,, , and some
parameter vectors 6 are in ®,,; for different values of (n, t). Figure 2 a il-
lustrates locally induced structures for 6 € ®; . For a parameter 6 to be in
©,,+, definition 1 requires only the existence of a portion 7/d; of units to act
linearly on the particular training data set merely at the particular 6. Thus,
all units can be nonlinear, act nonlinearly on the training data set outside of
some parameters 6, and operate nonlinearly always on other inputs x—for
example, in a test data set or a different training data set. The weak sep-
arability requires that the edges going from the # units to the rest of the
network are negligible. The weak separability does not require the #n units
to be separated from the rest of the neural network.

Here, a neural network with 6 € ©,,; can be a standard deep nonlinear
neural network (without any linear units in its architecture), a deep linear
neural network (with all activation functions being linear), or a combination
of these cases. Whereas a standard deep nonlinear neural network can nat-
urally have parameters 6 € ©,,, it is possible to guarantee all parameters
0 to be in ©,,; with desired (1, t) simply by using corresponding network
architectures. For standard deep nonlinear neural networks, one can also
restrict all relevant convergent solution parameters 6 to be in ©,,; by using
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1474 K. Kawaguchi, J. Huang, and L. Kaelbling

strong

(a) weakly-separated: 6 € © (b) strongly-separated: 6 € ©7

Figure 2: Illustration of locally induced nonlinear-linear structures. (a) Sim-
ple examples of the structure with weakly separated edges considered in this
section (see definition 1). (b) Examples of a simpler structure with strongly
separated edges (see definition 2). The red nodes represent the linearly acting
units on a training data set at a particular #, and the white nodes are the re-
maining units. The black dashed edges represent standard edges without any
assumptions. The red nodes are allowed to depend on all nodes from the pre-
vious layer in panel a, whereas they are not allowed in panel b except for the
input layer. In both panels a and b, two examples of parameters 6 are presented
with the exact same network architecture (including activation functions and
edges). Even if the network architecture (or parameterization) is identical, dif-
ferent parameters 6 can induce different local structures. With ©, 4, this local
structure always holds in standard deep nonlinear networks with four hidden
layers.

some corresponding learning algorithms. Our theoretical results hold for
all of these cases.

5.2 Theoretical Result. We state our main theoretical result in theo-
rem 2 and corollary 1; a simplified statement is presented in remark 1.
Here, a classical machine learning method, basis function regression, is
used as a baseline to be compared with neural networks. The global min-
imum value of basis function regression with an arbitrary basis matrix
M(X) is infg %HM(X)R — Y|, where the basis matrix M(X) does not de-
pend on R and can represent nonlinear maps, for example, by setting M =
(o))" € R"*% with any nonlinear basis functions ¢ and any finite
dg. In theorem 2, the expression Py [®)] Y represents the projection of Y
onto the null space of ()T, which is also (Y—the projection of Y onto
the column space of ®©)). Given matrices (M) jes with a sequence S =
(51,52, ..., 5n), define [MD]jcs := [MED M6 ... M) ] to be a block
matrix with columns being MO M) MG LetS C (51,82, ...,5,) de-
note a subsequence of (s1, sz, ..., Sy).
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Effect of Depth and Width on Local Minima in Deep Learning 1475

Theorem 2. For any t € {0,1, ..., H}, every differentiable local minimum 6 €
Ou,,., .+ of L satisfies that for any subsequence S € (t,t + 1, ..., H) (including the
case of S being the empty sequence),

1 ®y|? ZH Zd] 1 Op [5©] p® 2
LO) < = |Pv|®Y|Y| — — |IP|N_’Py|®Y D’ |vec(Y)| ,

2 F 2 k k 2
—_— 1=1 k=1

global minimum value of >0

basis function regression _

with basis matrix () further improvement as

a netwwork gets wider and deeper
G.1)

where Py [®©)] € R™™, Py [®O)] e Rmmsxmidin - o) = [@D)]c5, ) =
[IdH+1 2 (D(l)]les- If S is empty, pN[q>(S)] =1, and pN[CT)(S)] = IdeH- The ma-
trices D,ﬁf) and N;Ef) are defined in theorem 1 with the exception that Q,ﬁf) =
I z D i : 'pf
NOPY@OIDY (instead of Q) := NI D).

Remark 1. From theorem 2 (or corollary 1), one can see the following prop-
erties of the loss landscape:

i. Every differentiable local minimum, 6 € ®y,, ; has a loss value L(9)
better than or equal to any global minimum value of basis func-
tion regression with any combination of the basis matrices in the set
{@D}H, of fixed deep hierarchical representation matrices. In partic-
ular with t = 0, every differentiable local minimum 6 € ©g, , o hasa
loss value L(0) no worse than the global minimum values of standard
basis function regression with the handcrafted basis matrix ®© = X,
and of basis function regression with the larger basis matrix [®"]I .

ii. Asd; and H increase (o1, equivalently, as a neural network gets wider
and deeper), the upper bound on the loss values of local minima can
further improve.

The proof of theorem 2 is provided in section A.2. The proof is based on
the combination of the idea presented in section 3.1 and perturbations of a
local minimum candidate. That is, if a 6 is a local minimum, then the 6 is
a global minimum within a local region (i.e., a neighborhood of #). Thus,
after perturbing 6 as 6’ = 6 + A9 such that ||A0|| is sufficiently small (so
that 0’ stays in the local region) and L(0") = L(€), the 8’ must be still a global
minimum within the local region and, hence, the ¢ is also a local minimum.
The proof idea of theorem 2 is to apply the proof sketch in section 3.1 to not
only a local minimum candidate 6 but also its perturbations 6’ = 6 4+ A6.

In terms of overparameterization, theorem 2 states that local minima of
deep neural networks are as good as global minima of the correspond-
ing basis function regression even without overparameterization, and
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1476 K. Kawaguchi, J. Huang, and L. Kaelbling

overparameterization helps to further improve the guarantee on local min-
ima. The effect of overparameterization is captured in both the first and
second terms on the right-hand side of equation 5.1. As depth and width in-
crease, the second term tends to increase, and hence the guarantee on local
minima can improve. Moreover, as depth and width increase (for some of
t+1,t+2,..., Hthlayersin theorem 2), the first term tends to decrease and
the guarantee on local minima can also improve. For example, if [®"]H,
has rank at least m, then the first term is zero and, hence, every local min-
imum is a global minimum with zero loss value. As a special case of this
example, since every 6 is automatically in @y, , p, if ®H) is forced to have
rank at least 1, every local minimum becomes a global minimum for stan-
dard deep nonlinear neural networks, which coincides with the observation
about overparameterization by Livni et al. (2014).

Without overparameterization, theorem 2 also recovers one of the main
results in the literature of deep linear neural networks as a special case—
that is, every local minimum is a global minimum. If dy; < min{d; : 1 <
I < H}, every local minimum 6 for deep linear networks is differentiable
and in Oy, , o, and hence theorem 1 yields that L(6) < % IPN[X]Y ||2. Because
% IPN[XTY ||% is the global minimum value, this implies that every local min-
imum is a global minimum for deep linear neural networks.

Corollary 1 states that the same conclusion and discussions as in theorem
2 hold true even if we fix the edges in condition iii in definition 1 to be zero
(by removing them as an architectural design or by forcing it with a learning
algorithm) and consider optimization problems only with remaining edges.

Corollary 1. Forany t € {0,1, ..., H}, every differentiable local minimum 6 <
O, Of LIz satisfies that for any subsequence S € (t,t 4+ 1, ..., H) (including
the case of S being the empty sequence),

1 T2 s L o[ [ae] A0 2
L) < = |[Py|®Y|Y —E E — |P|N_'Py|[®% |D;’ |vec(Y)| ,

2 F 2 ki ki 2
N— — I=1 k=1

slobal minimum value of >0

basis function regressiorn =

with basis matrix () further improvement as

a nefwork gets wider and deeper
(5.2)

where L|z is the restriction of L to T=1{0'eR% :Vle{t+1,...,H—
1}, V(K k) € SO x SO W@, . = 0} with the index sets S+, S¢+2),
. SHHD of the 6 € ®y,,,, in definition 1 and SO := (1, ..., d;}\ SO. Here,
®© and ®© are defined in theorem 2, and the matrices D,((i) and N,g) are defined
as follows. Foralll € {1, ..., t+1}, Dg) = D,((ll)forallkl e {1,...,d;} (where D,((i)
is defined in theorem 2). Foralll € {t +2, ..., H}, D,g) = D,((i)forall ki € SO, and
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dit1

(1+1) H) (H+)\T
Z Z( Kk " kH 1kHWkH»‘ )

k=1 ky=1

®Al,k1 . AH kH[CI) l 1)]

jest-

with DI .= WIT)T g AH'kH[@(Hil) ]EW for all ky € SO. For any 1 € {1,
. H}and any k € {1, .. dl} N(l) = PN[Q Jwith Ny := I, where Q

".....QP.Q?.....QP. ... Q” . Q,(j)] QY = NPy[®E ]D}j), nd
1 2 1 1 1
30 i QD).
0 diq

The proof of corollary 1 is provided in section A.3 and follows the proof
of theorem 2. Here, ®® = X consists of training inputs x; in the arbi-
trary given feature space embedded in R%; for example, given a raw in-
put ¥ and any feature map ¢ : X" > ¢(x™") € R% (including identity
as ¢(x™) = x"V), we write x = ¢(x"). Therefore, theorem 2 and corol-
lary 1 state that every differentiable local minima of deep neural networks
can be guaranteed to be no worse than any given basis function regression
model with a handcrafted basis taking values in R? with some finite d, such
as polynomial regression with a finite degree and radial basis function re-
gression with a finite number of centers.

To illustrate an advantage of the notion of weakly separated edges in def-
inition 1, one can consider the following alternative definition that requires
strongly separated edges.

Definition 2. A parameter vector 6 is said to induce (n,t) strongly sep-
arated linear units on the training input data set X if there exist (H +
1—t) sets STV S¢+2) S gych that for all | e {t +1,t+2,...,H +
1}, conditions i to iii in definition 1 hold and ®D(X,0)WHD(6) =
> eesn @OX, 0). WD) i for all k e STV if 1 £ {H, H + 1},

Let @iﬁong be the set of all parameter vectors that induces (n, t) strongly-
separated linear units on the particular training input data set X that defines
the total loss L(#) in equation 2.1. Figure 2 shows a comparison of weekly
separated edges and strongly separated edges. Under this stronger restric-
tion on the local structure, we can obtain corollary 2.

Corollary 2. Foranyt € {0,1, ..., H}, every differentiable local minimum 6 e
©""8 of L satisfies that for any S C (t,H),

dHlt

1 5 H 4 1 B 2
Loy 3 [ [o L= 33 3 vt [0 ot

=1 k=1

’

where ®©), O, Dlg), and N]g) are defined in theorem 2.
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1478 K. Kawaguchi, J. Huang, and L. Kaelbling

The proof of corollary 2 is provided in section A.4 and follows the proof
of theorem 2. As a special case, corollary 2 also recovers the statement that
every local minimum is a global minimum for deep linear neural networks
in the same way as in theorem 2. When compared with theorem 2, one can
see that the statement in corollary 2 is weaker, producing the upper bound
only in terms of S C (¢, H). This is because the restriction of strongly sepa-
rated units forces neural networks to have less expressive power with fewer
effective edges. This illustrates an advantage of the notion of weakly sepa-
rated edges in definition 1.

Alimitation in theorems 1 and 2 and corollary 1 is the lack of treatment of
nondifferentiable local minima. The Lebesgue measure of nondifferentiable
points is zero, but this does not imply that the appropriate measure of non-
differentiable points is small. For example, if L(0) = |6/, the Lebesgue mea-
sure of the nondifferentiable point (¢ = 0) is zero, but the nondifferentiable
point is the only local and global minimum. Thus, the treatment of nondif-
ferentiable points in this context is a nonnegligible problem. The proofs of
theorems 1 and 2 and corollary 1 are all based on the proof sketch in section
3.1, which heavily relies on the differentiability. Thus, the current proofs do
not trivially extend to address this open problem.

6 Conclusion

In this letter, we have theoretically and empirically analyzed the effect of
depth and width on the loss values of local minima, with and without a
possible local nonlinear-linear structure. The local nonlinear-linear struc-
ture we have considered might naturally arise during training and also is
guaranteed to emerge by using specific learning algorithms or architecture
designs. With the local nonlinear-linear structure, we have proved that the
values of local minima of neural networks are no worse than the global min-
imum values of corresponding basis function regression and can improve
as depth and width increase. In the general case without the possible local
structure, we have theoretically shown that increasing the depth and width
can improve the quality of local minima, and we empirically supported this
theoretical observation. Furthermore, without the local structure but with
a shallow neural network and a gaussian data matrix, we have proven the
probabilistic bounds on the rates of the improvements on the local mini-
mum values with respect to width. Moreover, we have discussed a major
limitation of this letter: all of its the results focus on the differentiable points
on the loss surfaces. Additional treatments of the nondifferentiable points
are left to future research.

Our results suggest that the values of local minima are not arbitrar-
ily poor (unless one crafts a pathological worst-case example) and can be
guaranteed to some desired degree in practice, depending on the degree of
overparameterization, as well as the local or global structural assumption.
Indeed, a structural assumption, namely the existence of an identity map,
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Effect of Depth and Width on Local Minima in Deep Learning 1479

was recently used to analyze the quality of local minima (Shamir, 2018;
Kawaguchi & Bengio, 2018). When compared with these previous stud-
ies (Shamir, 2018; Kawaguchi & Bengio, 2018), we have shown the effect of
depth and width, as well as considered a different type of neural network
without the explicit identity map.

In practice, we often “overparameterize” a hypothesis space in deep
learning in a certain sense (e.g., in terms of expressive power). Theoreti-
cally, with strong overparameterization assumptions, we can show that ev-
ery stationary point (including all local minima) with respect to a single
layer is a global minimum with the zero training error and can memorize
any data set. However, “overparameterization” in practice may not satisfy
such strong overparameterization assumptions in the theoretical literature.
In contrast, our results in this letter do not require overparameterization
and show the gradual effects of overparameterization as consequences of
general results.

Appendix A: Proofs for Nonprobabilistic Statements

Let Dg) be defined in theorem 2. Let DO := [DV]% | € R7+xdidis and D :=
[D(l)]gi 1 € Rmdux Y diadi Given a matrix-valued function f(0) € RY>4 Tet

o f(0) := d“?::(cv(vf(?)) € R¥®*di1di he the partial derivative of vec(f) with re-

specttovec(W®).Let{j, j+ 1, ..., j'} :=0if j > j. LetMOM*D ... M) =
IifI > I'. Let Null(M) be the null space of a matrix M. Let B(#, €) be an open
ball of radius € with the center at 6.

The following lemma decomposes the model output Y in terms of the
weight matrix W and D?) that coincides with its derivatives at differen-
tiable points.

Lemma1l. Foralll € {1,..., H},
vec(Y (X, 0)) = DDvec(Wh(9)),
and at any differentiable 6,
oY (X, 0) =DV,

Proof. Define GU) to be the preactivation output of the /th hidden layer
as GV := GO (X, 0) := @'~V (X, 9)WD. By the linearity of the vec operation
and the definition of G¥), we have that

d
vec[GUD(X, 6)] = vec (Z AMFGO(X, e)nkw;ff”)
k=1
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1480 K. Kawaguchi, J. Huang, and L. Kaelbling

_ Z( l+1))T ® AL k) vec (G(l)(X 9). )
= F*Dvec (GV(X.0)),
where FU+D) .= [(Wk(yl_ﬂ))—r ® A Therefore,

vec(Y) = FEFDEHE . pl+Dyec(GD)
— pH+Y F(1+1)[Id, ® Q(l_l)]vec(W(I)),

where FFHD ... FO+D[1, @ o0-V] = DI’ DY ... D{]=D®, which

proves the first statement that vec(Y) = DOvec(W®). The second statement
follows from the fact that the derivatives of D) with respect to vec(W(®)) are
zeros at any differentiable point, and hence (30 Y) = DO 4+ 0. O

Lemma 2 generalizes part of theorem A 45 in Rao, Toutenburg, Shalabh,
and Heumann (2007) by discarding invertibility assumptions.

Lemma 2. For any block matrix [A B] with real submatrices A and B such that
ATB =0,

P[[A B]] = P[A] + P[B].

Proof. It follows a straightforward calculation as

TATA o0 '

P[[AB]]=[AB]| 0 B'B| [AB]"
[(ATA) 0
=[A B] 0 (BTB)" |[A B]"

= P[A] + P[B].
O

Lemma 3 decomposes a norm of a projected target vector into a form that
clearly shows an effect of depth and width.

Lemma 3. Foranyt €{0,1,...,Hyandany S C (t,t+1,...,H),

o[ [ )], = 332 [ 8] o .

1=1 k=1
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Effect of Depth and Width on Local Minima in Deep Learning 1481

Proof. Since the span of the columns of [A B] is the same as the span of the
columns of [A Py[A]B] for submatrices A and B, the span of the columns

of Py[®©D = [[PN[®®]D (I)]k _, ]I, is the same as the span of the columns
of [[NIS)PN[@(S)]D](:)]"Z’ JIL,. Then, by repeatedly applying lemma 2 to each
block of [[N,g)PN[@ ]D(l)]d‘ H |, we have that

H
5(S) _ SO
p [PN[QD ]D] —p H[N N[O D! ]kl ]1 1]
H 4
=3 P[NIAu©D].
I=1 k=1
From the construction of N,g), we have that for all (I, k) # (I', k'),

PIN" Py [ 1DPIPINS Py[@©1DY] = 0.

Therefore,
) H 4 2
[P [P [ D] veet)]|; = |33 P[NP PUSE DL | vee(¥)
=1 k=1 o

325 pen 3]t
]

The following lemma plays a major role in the proof of theorem 2.

Lemma 4. For any t € {0,1, ..., H}, every differentiable local minimum 6 e
Ou,,., + satisfies that forany l € {t,t +1,..., H},

(@NT(Y(X,0)—Y)=0.

Proof. Fix t to be a number in {0,1, ..., H}. Let 6 be a differentiable lo-
cal minimum in @y, , ;. Then, from the definition of a local minimum,
there exists €1 > 0 such that L(#) < L(¢’) for all 8’ € B(#, €1), and hence
L) < L(®') for all 0" € B(6,€1) C B(Y,€1), where B(0,e1):=B(6,e)N
B eRY: WHD@)r=0foralll e {t +1,t+2,---H—1}and all (K, k) €
SO x ({1, ..., dizq} \ SU*V)} with the index sets S¢+D, st+2)  SHAD of
the 6 € ., ¢ in definition 1. Without loss of generality, we can permute
the indices of the units within each layer such that for all I € {t +1,f +
2,...,H+1},8D>(1,2,...,dr} with some d; > dp41 in the definition of
©O4,.,+ (see definition 1). Note that the considered activation functions

d-ajo11B/008U/NPa W I08IIP//:d1Y WOy papeojumoq

0 © 008U/96LES0L/ZIVLIL/ILENP

€20z Jequieideg g0 uo jsenb Aq jpd'Gel |



1482 K. Kawaguchi, J. Huang, and L. Kaelbling

aé? (z) are continuous and act linearly on z > 0 . Thus, from the defini-

tion of ®y,,, +, there exists €, > 0 such that for all ¢’ € B0, e)and all I €
{t,t+1,...,H},

) Al (+2) (H+1)
o no_ +2) . A(HAH
Y(X,0) = 1) A A
H-1
+ Z ZUFDCW+2) AU+3) | AHFD) (A1)

I'=l

where AD, BO and CO are submatrices of W(’)(G’), and Z® is a submatrix
of (X, 6') as defined below:

AD gD
ch b

} =W,

and

&-(t-#l)

ZED = D) (cb(t) |: :|> with z® .— G(l)(Z(l—l)B(l)) forl >t +2.

B(t+1)

Note that Z®) depends only on ®®, é®, and B® for all k < I. Here, ®®
does not depend on AD and CY for all I > t + 1. That is, at each layer [ €
{t+2,t+3,...,H},AD € R%*% connects dy. linearly acting units to next dy
linearly acting units, BY) € R@-1=4)x(@=d) connects other units to next other
units (other units can include both nonlinear and linearly acting units), and
Ch e RU-1=d)xdL connects other units to next linearly acting units, with
dp > d1. Here, A®*D BU+D CtHD and £+ connect the possibly unstruc-
tured layer ®® to the next structured layer, CH+1) ¢ R@:=d)xdu:1 connects
other units in the last hidden layer to the output units, and AH+1 e R
connects linearly acting units in the last hidden layer to the output units.

Let ez = min(e, €;). Let] be an arbitrary fixed numberin {t,t +1, ..., H}
in the following. Let v := Y(X,6) — Y. Define

(1+1)
ROFD .— A
’ ct+ |
From the condition of differentiable local minimum, we have that

0 = dgasnL(0) = vec((®D)Tr(AF2) ... AHFDYT,
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Effect of Depth and Width on Local Minima in Deep Learning 1483

since otherwise, R+ can be moved to the direction of dg¢-1L(0) with a

sufficiently small magnitude €} € (0, €3) and decrease the loss value. This
implies that

(¢(l))Tr(A(l+2) . -A(H+1))T —0.
If rank(A+2 ... AEHD) > gy ) or [ = H, then this equation yields the de-

sired statement of this lemma as (®?))Tr = 0. Hence, the rest of this proof
considers the case of

rank((AC2 ... AEEINTY < gy and e {t,t+1,...,H—1}.
Define an index [* as

F=min{l' € Z" :1+3<l' <H+2 A rank(A©) ... ATy > 4, 3,
where AW+2) ... AHTD .=, = This minimum exists since the set
contains at least H +2 (nonempty) and is finite. Then we have that
rank(A®) ... AHDY > gy and rank(A®) ... AHDY < dy . for all I e
{Il+2,143,...,1*—1}, since rank(M;M;) < min(rank(M;), rank(M;)).
Therefore, for all ' e {{ +1,1+2,...,I* —2}, we have that Null((A(l'“)
- AHEIYTY £ 0, and there exists a vector u; € R% such that

up € Null(AYD ... AFEINTY and luy ||, = 1.

Let u; denote such a vector forall I’ e {{+1,1+2,...,I* —2}. Foralll' €
{I+2,1+43,...,1* —2},define

AO ) := AD 4 v and RV (v4q) = ROD v,

where vy € R™ and v € Rdi. Let §(vig1, Vigos ..., -—2) be 6 with A®)
and R(*1 being replaced by A)(v;) and RV (vyyq) forall I € {I +2,1 +
3,...,I" = 2}. Then for any (vi41, Vi42, ..., Vi=_2),

Y(X, 041, ..., vp2)) = Y(X,0) and LAvip1, ..., v-_2)) = L(6),

since A (v )AL AT = A ATHD L AHKD for all ' e {1 42,1+
3,...,1* =2} and RUTD (v, )AHD L AHFD — RUAD AUH2) . A(H+D),

For any sufficiently small vector (vii,...,v=_2) such that O(vis1,
..., ve_2) € B(0, €3/2),if 0 is alocal minimum, every A(v; 1, . .., v _5) isalso
a local minimum with respect to the entries of A B and CY) for all I’
because there exists €; = €3/2 > 0 such that

L@, ... vp2)) = L(O) < L(9")
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1484 K. Kawaguchi, J. Huang, and L. Kaelbling

for all 6’ e E(é(ul+1, S Vpl2),€5) © B(@, €3) C B(@, €1) € B(0, €1), where
the first inclusion follows the triangle inequality. Thus, for any such
O(vi41, ..., V-_p) in the sufficiently small open ball, we have that

8A(l**1)L(9~(VI+17 s Vp2)) =0,
where 940+ L(O(V141, ..., v+_2)) exists within the sufficiently small open
ball from equation A.1 (composed with the squared loss). In particular, by

setting v;41 = 0 and noticing that YX, 01, ...,vp0)) =Y =Y(X,0) —
Y =r,

0 = 340 L(B(0, visn, . .., Vje_2))

= <8A<l*—1)Y(X, 600, vigo, ..., vl*_z)))T vec(r),
and hence
0= 8400 L@ V1, - ., v2))
= (3A(1* n® (V1+1u DA L AHD
Y q T
+ 040 Y (X, 6(0, vy, .. ., Vl*a))) vec(r)

_ T
(aAu @O (v AT A(H“)) vec(r),

where

A0 —

_ Ay iflefl+2,...,1*=2)
AD) ¢ {l+2,...,1"=2)

Since
3,400 DO (v 14y )AD) . AHFD
= (A AU @ OO vy, AT wy2) - AT w1 2))
this implies that
AD) - AT O (1 3) A (v149) - A ) = 0.
By the definition of /¥, this implies that
r @O () AT (v40) - AT () =0,

where AU+2) (v ,5) - AFD (v ) =15,

d-ajo11B/008U/NPa W I08IIP//:d1Y WOy papeojumoq

0 © 008U/96LES0L/ZIVLIL/ILENP

€20z Jequieideg g0 uo jsenb Aq jpd'Gel |



Effect of Depth and Width on Local Minima in Deep Learning 1485

We now show that fog any sufficiently small vector (11, ..., v-—2) such
that G(vii1, ..., ve_) € B(6, €3/2),

TTd’(I)(VH—l”lH )A(l+2)(‘)l+2) e 'A(j)(‘)j) =0,

by induction on the index j with the decreasing order j=1I*—2,1* —
3,...,1+1. The base case with j=1[*—2 is proven above. Let AD =
AD(vy,). For the inductive step, assuming that the statement holds for j,
we show that it holds for j — 1 as

0 = 7o vyl )ATD) ... A
= OO (1l YAMD - AD 4 1T OO vy qui], YA . AGD T

= VT@([)(VZH”LOA(HZ) .. .A(j—l)vju;r’

where the last line follows the fact that the first term in the second line is
zero because of the inductive hypothesis with v; = 0. Since |lu;|> =1, by
multiplying u; both sides from the right, we have that for any sufficiently
small v; € R%,

VT‘D(I)(VIHMITH YA+ .A(J'*l)vj =0,

which implies that
T o0 (v qu AT ... AUTD = 0.

This completes the inductive step and proves that
er>(”(vl+1ulT+1) =0.

Since ||u;41ll2 = 1, by multiplying u;,; both sides from the right, we have
that for any sufficiently small vy € R4=% guch that O(Wigts ... Vpp) €
B (97 63/ 2)/

Y(X,0)=Y) @Dy =0,
which implies that

(@NT(¥(X,0)—Y)=0.
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1486 K. Kawaguchi, J. Huang, and L. Kaelbling

A.1 Proof of Theorem 1. From the first-order necessary condition of
differentiable local minima,

0 = dyenL(0) = (D) Tvec(Y(X, 6) — V),

and Y(X,0) = DgHH)W(H“). From lemma 1 and the first-order neces-
sary condition of differentiable local minima, DTvec(Y(X,6) —Y) =0 and
vec(Y) = £ D61y where 61 := vec(IW?]IL)). Combining these, we have
that

T 1
(H+1) (H+1) _ —
[D D; ] <7+ 1 [D D; ]9 VGC(Y)) =0,
where H—}H [D D%H“) ] 6 = vec(Y(X, 6)). This implies that

vec(Y (X, 0)) =P [[D D%H“) ]] vec(Y).
Therefore,
21(6) = [[vec(Y) — P [[D D+ ]] vec(Y)|2
= IvecI3 = IP[[ D DIV || vec)3,
where the second line follows idempotence of the projection. Finally, de-
composing the second term by directly following the proof of lemma 3 with

Py [®®)] D being replaced by [D p{H+y ] yields the desired statement of
this theorem. O

A.2 Proof of Theorem 2. From lemma 4, we have that forany/ € {t,t +
1,...,H},

(i, ® @) Tvec(Y(X,0) —Y) = 0. (A.2)

From equation A.1, by noticing that Z+)C+2 = o(+0 [0 (C1+2)7]", we
also have that

vec(f/(X, 0)) = iy ® q)(l))TveC(R(l+1)A(l+2) .. -A(H+1)), (A.3)

M=

t
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Effect of Depth and Width on Local Minima in Deep Learning 1487

where RO .= [ (AGFD)T  (CE+D)T ]T and RO :=[0 (CO)T ]T forl >t +
2. From lemma 1 and the first-order necessary condition of differentiable
local minima, we also have that

D vec(Y(X,0)—Y) =0 (A.4)

and
~ 1
vec(Y) = ﬁDel;H, (A.5)

where 1.y := vec([WDL)).
Combining equations A.2 to A.5 yields

[& D] ([® D]é—vec(Y)) =0,

where [CB D] 0= Vec(?(X7 9))/ P = [IdHH ® q)(l)]ﬁ:t’ and
1 S
0= 5 [IvecREDAC . TR, Hol ]

This implies that
vec(Y(X,0)) =P[[® D]]vec(Y).
Therefore, forany S C (t,t + 1, ..., H),
2L(0) = |lvec(Y) = P[[® D]] vec(Y)|[3
< llvec(Y) — P[[ ®©® D]lvec(Y)I3
= |vec(Y) — P[®]vec(Y) — P[Py[®)]D]vec(Y)|3
= PN [®]Y I} — IP[PN[®ID]vec(Y)|3, (A.6)

where the second inequality holds because the column space of [® D]
includes the column space of [ )  D]. The third line follows lemma 2.
The last line follows from the fact that Py[®©)] = (I — P[®®)]) and

vec(Y) " Py[®©)]T P[Py[©)]D]vec(Y) = vec(Y)T P[Py[®©)]D]vec(Y)
= |P[PN[®®)]D]vec(Y)|l3.

By applying lemma 3 to the second term on the right-hand side of equation
A.6, we obtain the desired upper bound in theorem 2. Finally, we complete
the proof by noticing that %||P1\1[<I>(5>]Y||12C is the global minimum value of
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1488 K. Kawaguchi, J. Huang, and L. Kaelbling

basis function regression with the basis @O forall S < (0,1, ..., H). Thisis
because 1||®W — Y||2 is convex in W and, hence, dy 5 | ®E)W — Y |2 = 0is
anecessary and sufficient condition of global minima, solving which yields
the global minimum value of 1||Py[®®)]Y 2. O

A.3 Proof of Corollary 1. The statement follows the proof of theo-
rem 2 by noticing that lemma 4 still holds for the restriction of L to Z as
B9, €1) = B(6, 1) NI, and by replacing Dg) by ﬁg) in the proof, where ﬁg)
is obtained from the proof of lemma 1 by setting W+ (0), , = 0 for (k', k) €
SO x ({1,....dig )\ S"Y) (=t +1,t +2,---H — 1) and by not consider-
ing their derivatives. O

A.4 Proof of Corollary 2. The statement follows the proof of theorem
2 by setting C") := 0 for all I ¢ {t + 1, H + 1} and setting I € {t, H} in the
proof of lemma 4 (instead of {t,f + 1, ..., H}). ]

Appendix B: Proofs for Probabilistic Statements

In the following lemma, we rewrite equation 3.2 in terms of the activation
pattern, and data matrices [ X Y ].

Lemma 5. Every differentiable local minimizer 0 of L with the neural network 3.1
satisfies

1 1.
L©) = 5IYI; = FIPIDIY 3, (B1)
where
D=[AMMX AMX ... AVX]. (B2)

Proof. Withr:=Y(X,6) — Y, we have L(8) = rTr/2. For expression 3.1, we
have

d
ﬂXﬁ)ZE:WPAwa?. (B.3)
j=1

For any differentiable local minimum 6, from the first-order condition,

0=28 a0r r/2=WDTALX.. B.4
W j
ij
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Effect of Depth and Width on Local Minima in Deep Learning 1489

We conclude that if WJQ) #0,thenr L AV X, forl <i <d,.Infact, we have
the same conclusion even if W = 0. To prove it, we use the second-order

condition as follows. We notice that if W]Q) =0, then

P12 T2 0 rAbX,
. (B5)

awl(z) amg;)rTr/Z 85\/(2)1"-'—1’/2 T’TAl'jX_i *
j

By the second-order condition, the above matrix must be positive semidef-
inite, and we conclude that 7" A“/X; = 0. Therefore, Y (X, 6) — Y is perpen-
dicular to the column space of D. Moreover, from expression B.3, ?(X, ) is
in the column space of D; Y (X, 6) is the projection of Y to the column space
of D, Y (X, 0) = P[D]Y; and

1 - 1 ~ 1 1 -
L(0) = SIV(X,0) = Y13 = S (I = PIDDY I3 = SIYIIz = SIPIDIY 3.

(B.6)
O

From equation B.1, we expect that the larger the rank of the projection
matrix D, the smaller is the loss L(9). In the following lemma, we prove that
under the conditions of the activation pattern matrix A. In the regime d.d <«
m, we have rank D = d,d. In the regime d.d > m, we have rank D =m. As
we show later, proposition 2 follows easily from the rank estimates of D.

Lemma 6. Fix the activation pattern matrix A == [AF]{_ € R™. Let X be a
random m x d gaussian matrix, with each entry having mean zero and variance
one. Then the matrix D as defined in equation B.2 satisfies both of the following
statements:

i If m>64 lnz(dxdm/éz)dxd and Smin(A1) = 8 for any index set IC
{1,2,...,m} with |I| > m/2, then rank = d.d with probability at least
1— e—m/(64ln(dxdm/52)) — et

ii. Ifdd, > 2mIn(md/8) with d,, > In*(dm) and symin(A1) > 8 for any index
set 1 € {1,2,...,m}ywith |I| <d/2, then rank D = m with probability at
least 1 — 2e~%/20,

Proof of Lemma 6. We denote the event Qg,m such that

Qoum = (X : [IX|I7 < 2md,}. (B.7)

Thanks to equation B.24 in lemma 7, P(Qgym) > 1 — e~ %"/8,
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1490 K. Kawaguchi, J. Huang, and L. Kaelbling

In the following, we first prove case i: that rank D = d,d with high
probability. We identify the space R%: with d x d, matrix and fix L =
2[In(dm/8%)]. We first prove that for any V in the unit sphere in R, with
probability at least 1 — e/(11) we have

[Dvec(V)I|3 > §%/(2L). (B.8)

We notice that

dy d
Dvec(V) = Z (Z AiV]-i> Xj=u.

j=1 \i=1

Then u is a gaussian vector in R™ with kth entry

dy do
we =Y (AV)uXiy ~ N (0.a7), af =) (AV)}.
i=1 i=1

Since by our assumption that the entries of A are bounded by 1, we get

do d
g =Y (AV) < Y ALIVIE <d.
i=1 j=1

We denote the sets Iy = {1 <k < m :a? < §?/m} and
L ={1<k<m:e7'6%/m <al <e'6*/m}, 1< < [In(dm/6*)].

There are two cases: if there exists some ¢ > 1 such that |I;| > m/L, then

thanks to equation B.25 in lemma 7, we have that with probability at least
1— e—m/(16L),

IAGveeWIE = Youd = 5 Y ab = o 162/20). (B9)

kel, kel,

Otherwise, we have that |Iy| > m(1 — [log,(dm/§?)]1/L) = m/2. Then

doap <> 8% m <8

kEI() kEI(]
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Effect of Depth and Width on Local Minima in Deep Learning 1491

However, by our assumption that smin(Aj,) > 8,

D@t = ALVIE = shin(A)IVIE = 6%
kEIa

This leads to a contradiction. Claim B.8 follows from claim B.9.

We take an e-net of the unit sphere in R%: and denote it by £. The car-
dinality of the set £ is at most (2/¢)%x. We denote the event Q such that the
following holds:

min |Dvec(V)|5 = 82/(2L). (B.10)
€

Then by using a union bound, we get that the event 2 N Qg;m holds with
probability at least 1 — e="/(16L)(2 /¢ )ddx — g=mdo/4,
Let V be a vector in the unit sphere of R%. Then there exists a vector
V € Esuch that ||V — V|, < &, and we have
Dvec(V) = Dvec(V) + Dvec(V — V). (B.11)
From equations B.5 and B.10, for X € 2 N Q¢ym, we have that
|Dvec(v)|; = 5%/(2L) (B.12)

and

m dp

IDvec(V = V)3 < ) Y (AW = V)il

k=1 i=1

d
< ZZAk,n V) I3 < Zde i3
k=1 j=1

k=1

< 2md,de?. (B.13)

It follows from combining equations B.11 to B.13 that, we get that on the
event Q N Qgum,

|Dvec(V)Il3 = §/(4L),

provided that ¢ < §/+/12d,dmL. This implies that the smallest singular
value of the matrix D is at least §2/(4L), with probability

1_ e—m/(16L)(2/8)ddx — o/t 5 _ gm/G2L),

provided that m > 32L In(d,dm/§?)d,d. This finishes the proof of Case i.
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1492 K. Kawaguchi, J. Huang, and L. Kaelbling

In the following we prove case ii that rank D = m with high probability.
We notice that for any vector v € R",

m d dp
IDTol3 < >3 (kAuX))

k=1 i=1 j=1
dy d m m

>3 (Z(UkAki)Z ZK?,) (B.14)
j=1 i=1 \k=1 k=1

2 2
< dlol2IX|F

In the event Qum as defined in equation B.4, we have that |[D"v|3 <
2ddym||v]|3 for any vector v € R™.

In the following, we prove that for any vector v € R", if its Lth largest
entry (in absolute value) is at least 4 for some L < d/2, then

P(|ID |3 > a®8°Ldy/2) > 1 — e LH/16, (B.15)
We denote the vectors u; = [X] Ao, XT A0, ..., XTAL%]T, for any i =
1,2,...,dy. Then Do = [u1, up, ..., ug,]". Moreover, uy, u, ..., u;, € R?

are independent and identically distributed (i.i.d) gaussian vectors, with
mean zero and covariance matrix,

» = ATV2A,

where V is the m x m diagonal matrix, with diagonal entries given by v.
We denote the eigenvalues of X as 11(X) > 1,(X) > -+ > 44(X) > 0. Then
in distribution

luill3 = 1 (E)24 + 2a(Z)z5 + - - - ra(D)z2y, (B.16)

where {z;j}1<i<4,,1<j<4 are independent gaussian random variables with
mean zero and variance one. If the Lth largest entry of v (in absolute value) is
atleasta forsomeL < d/2,we denote theindexset] = {1 <k < m : |vx| > a},
then

Y =ATVZA > ATVEA = a*A] AL

Therefore, the jth largest eigenvalue of X is at least the jth largest eigen-
value of a> A] A; for any 1 < j < d. From our assumption, smin(Aj) > §, and
the Lth largest eigenvalue of a>A] A; is at least a?8%. Therefore, the Lth
largest eigenvalue of ¥ is at least a%§2, that is, AL () > a?8%. We can rewrite
equation B.16 as
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Effect of Depth and Width on Local Minima in Deep Learning 1493

d L
2 2 202 2
luil3 =Y 2j(2)2; = a*6* Y 2.
j=1 j=1

Thanks to equation B.25 in lemma 7,

dy
P(IIDToll3 > a*6°Ldo/2) = P (Z llu;ll3 > a282Ld0/2)

i=1

dy L
>P| ) @) 2 = a’6’Ldy/2

i=1 j=1

de L
=P(> ) 2 > Ldo/2| =1—e "0/,

i=1 j=1
This finishes the proof of claim B.15.
We take an e-net of the unit sphere in R and denote it by €. Let © be

a vector in the unit sphere of R™; then there exists a vector v € £ such that
lo —d|l» < ¢, and we have

D's=D"o+D"(® —v), (B.17)
and in the event Qq,m using equation D.14, we have

IDT(® —v)|3 < 2md,de>. (B.18)
In the rest of the proof, we show that with high probability, |[D"v|3 is
bounded away from zero for uniformly any v € £.

For any given vector » in the unit sphere of R", we sort its entries in
absolute value:

i e )

*
I?I|'

We denote the sequence 1 =1Ly <L; <--- <L, <L,;1 =m, where L; =
Mn®(md/8)Lis1/dy] for1 <i < pand Ly <d,/ In?(md/8). Then,

p = [Inm/In(d,/ In*(md))].

Thanks to our assumption that dd, > 2m In?(md/s), we have L, <d/2. We
fix € as
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1494 K. Kawaguchi, J. Huang, and L. Kaelbling

1 8 p+1

We denote g(v) = min{0 <i < p:|oj | > 4\/3m|vzm+l|/8}, where vy ., = 0.
We decompose the vector v = v1 + vy, where vy corresponds to the largest
(in absolute value) Ly, )41 terms of v, and v corresponds to the rest of terms
of v. Letting L = Ly,y and a = vr,,, inequation B.15, we get

P(|ID 013 > a*8°Ld,/2) = 1 — e L0/16, (B.20)

By the definition of 4(v), we have

| >

S S a®) q
> |p¥ e > — = Ay(p)-
= e 22 (wam) S e

_ *
lal = |ULq(v)

We denote the event €,, such that equation B.20 holds for any v € £ with
g(v) = g. Since equation B.20 depends only on L, entries of v, by a union
bound, we get

m

Py = 1o Yz

—Lyd/16+Lyy1 (Inm+1n(2/e))

q+1

>1—e > 1 — e ba®/20, (B.21)

Moreover, ||vz]|5 < a®6%/(16dm), in the event Qqum using equation B.14, we
have

IAX) 02113 < 2ddmva |3 < a?8%d./8. (B.22)

It follows from combining equations B.20 and B.22, in the event ©; N Qsum
for any v € £ with q(v) = g, we get

IDTol3 = (IDTv1ll = IDT02]|)? = a?6%d/8 > a38°dy/8. (B.23)

In the event Qqum ﬂszo Qy, it follows from combining equations B.17, B.18,
and B.23 that

B B 8 p+1
IDT]l2 = D03 — 2mdode > a,6+/d./8 — \/2mdyde > <W) )
m

Moreover, thanks to equation B.21, Qgym HZ:O , holds with probability at
least
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Effect of Depth and Width on Local Minima in Deep Learning 1495
P
P(qum m;’:o Qq) >1— Zequdx/ZO _ E*dxm/8 >1— zefdx/ZO.
q=0

This finishes the proof of case ii. O

The following concentration inequalities for the square of gaussian ran-
dom variables are from Laurent and Massart (2000).

Lemma 7. Let the weights 0 < ay,ao,...,a, <K, and g1, o, ..., gu indepen-
dent random gaussian variables with mean zero and variance one. Then the follow-
ing inequalities hold for any positive t:

i=1

n n 1/2
P> ek g —1) =2Vt (Z a?) +2K% | <e, (B.24)
i=1

n n 1/2
P> a(g—1) < -2Vt (Za?) <et (B.25)
i=1

i=1

Proof of Proposition 2. In case i from lemma 6, rank D = d.d with proba-
bility at least 1 — e~"/®4In(@dm/5%)_Gince the statement immediately follows
from theorem 1 if ||, = 0, we can focus on the case of ||Y], # 0. Condi-
tioning on the event rank D=dd,

L©) _ IPIDIYIS

= . (B.26)
IY13/2 Y13
The quantity in equation B.26 has the same law as
2. .2 2
2tz
22 +z5+ 422
where z1, 2y, . . ., z;, are independent gaussian random variables with mean

zero and variance one. From lemma 7, we get that with probability at least
1—2e7t,

2, .2 >
itttz g

£\ m—dd
e 2d < (146 ) T2 (B.27)
zi+z+ -+ zy m m

Case i follows from combining equations B.26 and B.27.
In case ii, thanks to lemma 6, rank D = m with probability at least 1 —
2¢~/20, Conditioning on the event rank D = m, we have P[D]Y =Y, and
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1496 K. Kawaguchi, J. Huang, and L. Kaelbling
1 , 1 “ o
L) = EIIYllz - EIIP[D]YIIZ =0.

This finishes the proof of case ii. O

Appendix C: Additional Experimental Details

By using the ground-truth network described in section 4.3, the synthetic
data set was generated with i.i.d. random inputs x and i.i.d. random weight
matrices W, Each input x was randomly sampled from the standard nor-
mal distribution, and each entry of the weight matrix W) was randomly
sampled from a normal distribution with zero mean and normalized stan-
dard deviation (%).

For training, we used a standard training procedure with mini-batch
stochastic gradient decent (SGD) with momentum. The learning rate was
set to 0.01. The momentum coefficient was set to 0.9 for the synthetic data
set and 0.5 for the image data sets. The mini-batch size was set to 200 for
the synthetic data set and 64 for the image data sets.

From the proof of theorem 1, J(¢) = |(I — P[[D D§H+l)]])vec(Y)||§ for all
6, which was used to numerically compute the values of (). This is mainly
because the form of J(9) in theorem 1 may accumulate positive numerical
errors for each | < H and k; < d; in the sum in its second term, which may
easily cause a numerical overestimation of the effect of depth and width.
To compute the projections, we adopted a method of computing a numeri-
cal cutoff criterion on singular values from Press, Teukolsky, Vetterling, and

1

Flannery (2007) as (the numerical cutoff criterion) = 5 x (maximum singu-

lar value of M) x (machine precision of M) x (vd' +d + 1), for a matrix
of M € R**4, We also confirmed that the reported experimental results re-
mained qualitatively unchanged with two other different cutoff criteria: a
criterion based (Golub & Van Loan, 1996) as (the numerical cutoff criterion)
= %IIM lso X (machine precision of M) (where |M|| s = maxj<j<g Zl;:l [M; |
for a matrix of M € R¥*9), as well as another criterion based on Netlib
Repository LAPACK documentation as (the numerical cutoff criterion) =
(maximum singular value of M) x (machine precision of M).
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